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COLLAPSE OF RANDOM TRIANGULAR GROUPS:
A CLOSER LOOK
SYLWIA ANTONIUK, TOMASZ  LUCZAK, AND JACEK S´WIA¸TKOWSKI
Abstract. The random triangular group Γ(n, t) is a group given
by a presentation P = 〈S|R〉, where S is a set of n generators and
R is a random set of t cyclically reduced words of length three. The
asymptotic behavior of Γ(n, t) is in some respects similar to that
of widely studied density random group introduced by Gromov.
In particular, it is known that if t ≤ n3/2−ε for some ε > 0, then
with probability 1 − o(1) Γ(n, t) is infinite and hyperbolic, while
for t ≥ n3/2+ε, with probability 1 − o(1) it is trivial. In this note
we show that Γ(n, t) collapses provided only that t ≥ Cn3/2 for
some constant C > 0.
By 〈S|R〉 we denote a presentation P of a group, where S is the
set of generators and R the set of relations. A presentation P is a
triangular presentation if the set R of relations consists of distinct
cyclically reduced words of length three only (over the alphabet S∪S−1
which consists of generators and their formal inverses). A triangular
group is a group given by a triangular presentation.
In the paper we investigate the properties of groups given by pre-
sentations P = 〈S|R〉, where S is a set of n generators and R is a
random subset of the set T of all N = 2n(4n2− 6n+3) ∼ 8n3 distinct
cyclically reduced words of length three, that is words of the form abc,
where a 6= b−1, b 6= c−1 and c 6= a−1. Here we consider two models of
a random triangular group. In the random uniform model Γ(n, t), the
set of relations R is chosen uniformly at random from the family of all(
N
t
)
subsets of T of size t. In the binomial model Γ(n, p), we select
each element from T independently with probability p. We shall study
the asymptotic properties of these two models as n → ∞. In particu-
lar, we say that for a given function t(n) [or p(n)] the group Γ(n, t(n))
[resp. Γ(n, p(n))] has a property a.a.s. (asymptotically almost surely)
if the probability that the random group has this property tends to 1 as
n→∞. It should be mentioned that, as is well known in the theory of
random structures, the asymptotic behavior of Γ(n, t) and Γ(n, p) can
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be proved to be very similar provided t ∼ Np. We remark that Γ(n, t)
is basically identical with the model of random group introduced by
Z˙uk [9] who also pointed out the connection between his model and a
better known construction of random groups introduced by Gromov [4]
(a more precise explanation of this relationship is given in [7] and [6]).
It is known (see [9] and Theorem 29 in [7]) that when the density
d = ln t
3 lnn
of Γ(n, t) is smaller than 1/2 − ε for some ε > 0, then a.a.s.
Γ(n, t) is infinite and hyperbolic, while for d > 1/2 + ε a.a.s. Γ(n, t)
collapses to the trivial group. Here we study more precisely the case
when the density is 1/2 + o(1). As it was pointed out in [7] part IV.a,
this is the usual question after a talk on random groups. The main
results of this note can be stated as follows.
Theorem 1. There exists an absolute constant C1 > 0 such that if
p ≥ C1n−3/2 then a.a.s. Γ(n, p) is trivial.
Theorem 2. There exists an absolute constant C2 > 0 such that if
t ≥ C2n3/2 then a.a.s. Γ(n, t) is trivial.
Our proof of Theorem 1 is based on the following fact concerning
so called random intersection graphs. An intersection graph is a graph
on vertex set V where each vertex v is assigned a set of features Wv
which is a subset of a ground set of features W . Two vertices v1 and
v2 are adjacent if they share a common feature, i.e. if Wv1 ∩Wv2 6= ∅.
In a random intersection graph Gn,m,ρ the set of vertices V is of size n,
the set of features W is of size m and for any vertex v we assign each
feature from W to v independently with probability ρ.
Note that the probability that two vertices of Gn,m,ρ are adjacent is
roughly
pˆ = 1− (1− ρ2)m ∼ ρ2m.
If we denote m = nα then it turns out that for α > 1 the random
intersection graph Gn,m,ρ behaves in a similar manner as the random
graph G(n, pˆ), in which each pair of vertices is adjacent with probabil-
ity pˆ, independently for each pair. In 1960 Erdo˝s and Re´nyi [3] in their
seminal paper on the evolution of random graphs proved that when
npˆ > c > 1, then a.a.s. in G(n, pˆ) one can find a unique giant compo-
nent which contains a positive fraction of all vertices (more precisely,
they showed it for an equivalent uniform model of the random graph,
for details see [3] or [5]). Berisch [1] showed that the fact that in Gn,m,ρ
the edges do not occur independently does not affect very much the
emergence of the giant component for the range of parameters we are
interested in. In particular, a special case of Theorem 1 in [1] is the
following.
Lemma. Let Gn,m,ρ be a random intersection graph with m = n
α,
where α > 1, and ρ2m = β
n
. Furthermore, for β > 1, let γ be the
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unique solution to γ = exp(β(γ− 1)) in the interval (0, 1). Then a.a.s.
the size of the largest component in Gn,m,ρ is of order (1+o(1))(1−γ)n.
In particular, if β ≥ 1.42 then a.a.s. Gn,m,ρ contains a component of
size at least 0.52n.
Proof of Theorem 1. We shall show that the assertion holds whenever
C1 ≥ 1.2. Let us partition the set of generators S into two sets S1 and
S2, where |S1| = ⌈|S|/2⌉ = ⌈n/2⌉. We generate the set of relations
R of Γ(n, p) in two stages. Firstly, we consider the relations which
contain exactly one element from S1∪S−11 , and select each such relations
independently with probability p = 1.2n−3/2. Then, we select each
of the remaining candidates for relations with the same probability
p = 1.2n−3/2. We denote by R1 the random set of relations generated
in the first stage, and by R2 the relations chosen in the second stage,
so that R = R1 ∪ R2.
Consider an auxiliary random intersection graph Gn,m,ρ with vertex
set V = S1∪S−11 , the set of objectsW = {cd : c, d ∈ S2∪S−12 , c 6= d−1}
and such that for any a ∈ V a feature cd ∈ W is assigned to a in Gn,m,ρ
if we have generated at least one relation from the set {acd, cda, dac}.
Note that here m = n(n − 1) and ρ = 1 − (1 − p)3 ≥ p. Therefore,
β = ρ2mn ≥ p2n2(n− 1) ≥ 1.44n−1
n
.
Using Lemma we infer that a.a.s. Gn,m,ρ contains a large component
L of at least 0.52n vertices. Note however, that if two vertices a, b are
adjacent in L, then they share a common feature cd ∈ W , which implies
that a = d−1c−1 = b in Γ(n, p). Moreover, since |L| > |S1|, for some
s ∈ S1, L must contain both s and s−1. Consequently all elements of
L are not only equal to s, but also satisfy the condition s2 = e.
Now consider relations generated in the second stage. Let X count
the number of elements s from L such that for any s′, s′′ ∈ L the
relation ss′s′′ does not belong to R2. Then
Pr(X > 0) ≤ EX ≤ 0.52n(1− p)0.25n2 ≤ 0.52n exp(−0.36√n),
and tends to 0 as n → ∞. Hence, a.a.s. L contains three elements
s, s′, s′′ such that ss′s′′ ∈ R2. However, since all elements from L are
equal, we conclude that s3 = e. This, together with the condition
that s2 = e, implies that a.a.s. all generators or inverses of generators
contained in L are equivalent to the identity.
In a similar way one can estimate the number of generators s not
contained in L, for which no triple ss′s′′ belongs to R2, where s
′, s′′ ∈ L.
Again, the probability that there is at least one such generator tends
to 0 as n→∞, therefore a.a.s. each generator from S is equivalent to
the identity and the assertion follows. 
Proof of Theorem 2. Note that the property that 〈S|R〉 is trivial is
a monotone property of the set of relations R. Therefore, to show
that the asymptotic behavior of Γ(n, t) in terms of generating a trivial
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group is similar to the asymptotic behavior of Γ(n, p), one can use
exactly the same method as in the proof of asymptotic equivalence for
monotone properties of the uniform random graph model G(n,M) and
the binomial random graph model G(n, p) (see [5]). 
The result proved above together with the following conjecture (stated
for Γ(n, t), but having the analogue for Γ(n, p)), provide a sharp thresh-
old for collapsibility of a triangular random group.
Conjecture. There exists a constant c > 0 such that for every t ≤
cn3/2 a.a.s. Γ(n, t) is infinite.
As a matter of fact, we conjecture that for small c and for t < cn3/2
a.a.s. Γ = Γ(n, t) is an aspherical group, i.e. it has no reduced spherical
van Kampen diagram. In this case the presentation complex C of this
group is aspherical, and hence it is a classifying space for this group,
which has the following consequences:
• the Euler characteristic χ(Γ) = χ(C) = 1− n + t;
• Γ is torsion-free (see [2], p. 187).
Since a group Γ with χ(Γ) 6= 1 is nontrivial (and this is true when
t ∼ n3/2), the above “asphericity conjecture” implies Conjecture (for
t≪ n3/2 Conjecture is true by the earlier mentioned result of Z˙uk).
As a circumstantial evidence supporting the above “asphericity con-
jecture” we remark that it is not hard to show that for small c and
t ≤ cn3/2 a.a.s. Γ(n, t) has no reduced spherical van Kampen diagram
with cells corresponding to pairwise distinct relations. Moreover, for
every constant A, a.a.s. Γ(n, t) has no reduced spherical van Kampen
diagram with fewer than A cells.
Finally, let us mention that one can easily use the same argument
to show that for every ℓ there exists a constant aℓ such that a.a.s. as
m→∞ the random group given by presentations P = 〈S|R〉, where S
is a generating set of cardinality m, and where R is a random subset of
the set of cyclically reduced words of length ℓ, collapses to the trivial
group provided only |R| ≥ aℓ(2m − 1)ℓ/2. If ℓ is a prime one can just
mimic our argument; in the remaining cases there is a tiny technical
problem to deal with rare cyclical words which can be easily solved.
This result matches nicely a theorem of Gady Kozma, mentioned in [8],
which concerns the Gromov model when m is fixed and ℓ→∞.
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